Contents

1 Differentialsonan Algebra ................. ... 1
1.1 First-Order Differentials ............cccviiireriiiieiieeiiiiiaiiiiaanns 2

1.2 Differentials on Polynomial Algebras..............covvviniinunninnnn. 9

1.3 Quantum Metrics and Laplacians ............c.evvvvvvinieniinnniiienas 14

1.4 Differentials on Finite Sets ..........ccoiiniiiiiiiiiiiiiii, 18

1.5 Exterior Algebra and the de Rham Complex ...............ooovvveen .. 22

1.6 Exterior Algebras of Enveloping and Group Algebras................ 30
1.6.1 Enveloping Algebras............ocoovniniiiiiiiiiiii .. 30

1.6.2 Group Algebras .........ccuvvvviiiiiiiiiciiiiiiiiiiees 39

1.7 The Exterior Algebra of a Finite Group................ooovieiniinnn s 45
1.7.1 Left Covariant Exterior Algebras ........................... .. 46

1.7.2 Bicovariant Exterior Algebras..............oooviiiiiiiiniiinn 48

1.7.3 Finite Lie Theory and Cohomology ..............coceveienn. 56

1.8 Application to Naive Electromagnetism on Discrete Groups ......... 65

1.9 Application to Stochastic Calculus............ccovviiiiiiiiiiiiiiinn.. 71

2 Hopf Algebras and Their BicovariantCalculi............................ 83
2.1 Hopf Algebras..... ..ot e 83
2.2 Basic Examples of Hopf Algebras ...............cooooiin 90
2.3 Translation-Invariant Integrals and Differentials ...................... 98
2.4 Monoidal and Braided Categories............ccoovviieiiiiiniieiiean... 117
2.5 Bicovariant Differentials on Coquasitriangular Hopf Algebras....... 131
2.6 Braided Exterior Algebras...........ccovviiiiiiiiininiiiiiiiiiiiiea... 143
2.7 The Lie Algebra of a Quantum Group ...........coevviiiiiiiiiinnn.... 167
2.7.1 Bicovariant Quantum Lie Algebras............................ 170

2.7.2 Braided Lie Algebras ............cccovvviiiiiiiiiiniiieaiaaan. 174

2.8 Bar Categori@s. ... . uuuuunnniiase i 189

3 Vector Bundles and Connections ...................coovviiiiiiiiiiinnna. 207
3.1 Finitely Generated Projective Modules ...............cooeviiiiiinin 208
3.2 Covariant Derivatives .........oooieieeiieeiiiiiiiiaiieiaiaaaaeaaaeaannns 218

xiii



Xy

Contents

3.3 K-Theory and Cyclic Cohomology .........ooooiiiiiirmnee 229
3.3.1 C*-Algebras and Hilbert Spaces .................. e 229
3.3.2 K-Theory and Completions .........oooiiviiiniiinriaene 233
3.3.3  Hochschild Homology and Cyclic Homology................. 236
334 Pairing K-Theory and Cyclic Cohomology ................... 240
335 Twisted CYCles ..ovvnuiiuiteiine et 244
3.4 Bimodule Covariant Derivatives .....oovveviiuieiiaiiereaiin. 248
34.1 Bimodule Connections on Hopf Algebras..................... 251
342 The Monoidal Category of Bimodule Connections ........... 258
3.4.3 Conjugates of Bimodule Connections ...........c.oooeveeeinnes 263
3.5 Line Modules and Morita Theory .......oooviiiiiiiiiiii 269
3.6 Exact Sequences and Abelian Categories............ooovienieinnen 276
3.6.1 Exact Sequences, Flat and Projective Modules................ 276
3.6.2 Abelian Cate@ories. ... ..ovvrevnntiiiavnr e 282
Curvature, Cohomology and Sheaves.................oooiiniennn 293
4.1 Differentiating Module Maps and Curvature ...............ooocoeeeen 295
4.2 Coactions on the de Rham Complex ..o 318
4.3 Sheaf CoROMOIOZY ...\ ovvuviiteieneite e 332
4.4 Spectral Sequences and Fibrations ...........oooiiiiiiis 340
4.4.1 The Spectral Sequence of a Resolution.............ccoooveneen 343
4.42 The van Est Spectral Sequence............ooviineieieeeenn 344
4.43 Fibrations and the Leray—Serre Spectral Sequence ........... 348
4.5 Correspondences, Bimodules and Positive Maps..............c.....e. 359
45.1 B-A Bimodules with Connections ............ooevvivrueniines 359
4.5.2 Hilbert C*-Bimodules and Positive Maps ..................... 364
4.6 Relative Cohomology and Cofibrations.............ooovevieaan. 375
Quantum Principal Bundles and Framings ..............ccocooooeneeee 385
51 Universal Calculus Quantum Principal Bundles....................... 386
5.1.1 Hopf-Galois EXtensions...........oooiiiiiiii 392
5.1.2 Trivial Quantum Principal Bundles ................oooennnns 398
572  Constructions of Quantum Bundles with Universal Calculus......... 401
52.1 Galois Field Extensions as Quantum Bundles................. 402
5.2.2 Quantum Homogeneous Bundles with Universal Calculus... 407
5.2.3 Line Bundles and Principal Bundles.................ooooninn 413
5.3 Associated Bundle FUnCtOrs ........ooooivieiiiiiiiiiieies 416
5.4 Quantum Bundles with Nonuniversal Calculus......oocvvvviennnnnann. 424
5.4.1 Quantum Principal Bundles ............coooieiiiiniiinnn 425
5.4.2 Strong Quantum Principal Bundles ... 442
5.5 Principal Bundles and Spectral Sequences................coooennenees 448
5.6 Quantum Homogeneous Spaces as Framed Quantum Spaces ........ 454
5.6.1 Framed Quantum Manifolds ............coooiiiiiiinin. 459

5.6.2 Trivially Framed Quantum Manifolds ................c.ooeens 470



Contents XV

6 Vector Fields and Differential Operators..................cooooiiiiiiiins 485
6.1 Vector Fields and Their Action ..........ccoviieiiiiiiiiiiiiiien 487
6.2 Higher Order Differential Operators ..... e e 493
6.3 TX,asanAlgebrain Z(4€A) ...ooviiiiiiiii 503
6.4 The Sheaf of Differential Operators Dy ..., 508
6.5 More Examples of Algebras of Differential Operators................ 515

6.5.1 Left-Invariant Differential Operators on Hopf Algebras....... 515
6.5.2 A Noncommutative Witt Enveloping Algebra................. 519
6.5.3 Differential Operators on M2(C) ..., 521

7 Quantum Complex Structures.................cooviiiiiiiiieiii.. 527
7.1 Complex Structures and the Dolbeault Double Complex ............. 528
7.2 Holomorphic Modules and Dolbeault Cohomology................... 538
7.3  Holomorphic Vector Fields ..o 548
7.4 The Borel-Weil-Bott Theorem and Other Topics ..................... 552

7.4.1 Positive Line Bundles and the Borel-Weil-Bott Theorem ... 553
7.4.2 A Representation of a Noncommutative Complex Plane ..... 558

8 Quantum Riemannian Structures.....................o 565
8.1 Bimodule Quantum Levi-Civita Connections ...............c.cooveenne 567
8.2 More Examples of Bimodule Riemannian Geometries ............... 581

8.2.1 Riemannian Geometry with Grassmann Exterior Algebra.... 583
8.2.2 Riemannian Geometry of Graphs and Finite Groups ......... 588
8.2.3 The Riemannian Structure of g-Deformed Examples......... 600
8.3 Wave Operator Quantisation of C®(M) xR ................ooeit. 603
8.4 Hermitian Riemannian GEOMELIrY ........uvrvmmniiiiiiiiiiiieiiiann, 615
8.5 Geometric Realisation of Spectral Triples .....................at. 625
8.5.1 Construction of Spectral Triples from Connections........... 626
8.5.2 Examples of Geometric Spectral Triples ...................... 630
8.5.3 A Dirac Operator for Endomorphism Calculi ................. 637
8.6 Hermitian Metrics and Chern Connections ...............oooinennn.. 641

9 Quantum Spacetime .......... ..ot 653
9.1 The Quantum Spacetime Hypothesis ..............oooiiiiiiiin. 654
9.2 Bicrossproduct Models and Variable Speed of Light.................. 659

9.2.1 Classical Data for the 2D Model and Planckian Bound....... 663
9.2.2 The Flat Bicrossproduct Model and Its Wave Operator....... 666
9.2.3 The Spin Model and 3D Quantum Gravity .................... 672
9.3 The Quantum Black-Hole Wave Operator ..................oooveeenn. 679
9.3.1 Algebraic Methods and Polar Coordinates .................... 679

9.3.2 Quantum Wave Operators on Spherically Symmetric
Static SPACELIMES ...vvveeeieiteiieeaiiieiaiieaaseeanaaaans 687
9.4 Curved Quantum Geometry of the 2D Bicrossproduct Model........ 692

9.4.1 Emergence of the Bicrossproduct Model Quantum Metric... 692
9.4.2 Quantum Connections for the Bicrossproduct Model......... 699



Xvi Contents

9.5 Bertotti—-Robinson Quantum Spacetimes ............coooiiiiiiiiiiiinn 704
9.5.1 Emergence of the Bertotti-Robinson Quantum Metric ....... 704

9.5.2 The Quantum Connection for the Bertotti-Robinson
MOdEL. ..o e 708
9.6 Poisson-Riemannian Geometry and Nonassociativity ................ 712
9.6.1 Semiquantisation CONSrUCHONS .......oveeieiiiiiiieeiinnnnens 714
9.6.2 Some Solutions of the PRG Equations ........................ 720
90.6.3 Quantisation by TWISUNE . ...ttty 722
T LT L3 113 1 741
LS (3 2 11 = P PPN 791



	Inhaltsverzeichnis
	[Seite 1]
	[Seite 2]
	[Seite 3]
	[Seite 4]


