Contents

Partl Preliminaries

1

Ultrafilters . ... e
1.1  Basicson Ultrafilters ...t iiieas
1.2 The Space of Ultrafilters BS ..... ...
1.3 The Case of @ SemIZroup .....cocvvvviiiviiiiiiiiiiiiiiiaeeanns
1.4  The Existence of Idempotents in Semitopological Semigroups....
1.5  Partial SEMIZIOUPS - ..t vvrreeeete et
Notes and References ... ......oooooiiiiiiiiiiiiiiiiiiiiiiiiiie e
Nonstandard Analysis.............ooooiiiiiiiiiii e
2.1 Warming-Up . .cooiiiiii s
2.2 The Star Map and the Transfer Principle...................i.
2.2.1 Additional Assumptions .............ccociiiiiiiiiiiiaaan.
2.3 The Transfer Principle, in Practice ............cooeiiiiiiiiiinan..
2.4 The Ultrapower Model ........................ .
2.4.1 The Ultrapower CONSITUCHON ......uieruiiiaanieiiaaannns
2.4.2 Hyper-Extensions in the Ultrapower Model ...............
2.4.3 The Properness Condition in the Ultrapower Model ......
244 An Algebraic Presentation ...,
2.5 Internal and External Objects.........ccccoiiiiiiiiiiiiiiiiiiiennnn,
2.5.1 Internal Objects in the Ultrapower Model..................
2.6 Hyperfinite Sets ........ ..o
2.6.1 Hyperfinite Sums ..o
2.7  Overflow and Underflow Principles ....................... s
2.7.1 An Application to Graph Theory .................oon.
2.8  The Saturation Principle ...........oovvieiiiiiiiie
2.8.1 Saturation in the Ultrapower Model ........................
2.9  Hyperfinite APproXimation ...........ccooiveviiiimiiineiaiiniaiiine.
Notes and References .........cvvvvviinviiiiiiiiiieiiiiiiieane

00 00 ~] Wh W W

11
14
18
20
22
23
24
27
28
29
32
33
36
37
37
39
40
41
42

xiii



Xiv Contents
3  Hyperfinite Generators of Ultrafilters.................................... 45
3.1  Hyperfinite Generators ...........coeoeuieaiieriiiiineaaine e, 45
3.2 The Case of a Semigroup Again............ooviiiiiiiiiiiiinnnes 47
Notes and ReferenCes ... ...ouviuuiirt i ee et iaiiaiaans 48
4 Many Stars: Iterated Nonstandard Extensions ......................... 49
4.1 The Foundational Perspective ..............ccoocoeiiiiniiaiiinn. 49
4.2  Revisiting Hyperfinite Generators .................cooooiiiiiinnn 51
43  The Iterated Ultrapower Perspective ...........cocveiiiieeiiiiiiann, 52
44  Revisiting Idempotents...... ... 53
Notes and References .........ovoureiiie i 54
5 LoebMeasure............ccoiiiiiiiiiiiiiiiieiaens e 55
5.1 Premeasures and Measures ...............coooeviiiiiiiiiiiniinnanes 55
5.2  The Definition of Loeb Measure.............cocoviiiiiiiieniiiinn, 57
5.3 Lebesgue Measure via Loeb Measure ...................ooooiienn. 59
RIT: S {117=1e0 1 001 I PP 60
5.5 Product Measure.............ouiriiiiieiiiiiiiiiiiiaiieeaniaeaaaaas 65
5.6  Ergodic Theory of Hypercycle Systems.................oooiienns 66
Notes and References .........ooooviniiiiii e 70
Part I Ramsey Theory
6 Ramsey’s Theorem ........... ..., 73
6.1 Infinite Ramsey’s Theorem ............ccoiiiiiiiiniiiiiniiiinn. 73
6.2 Finite Ramsey Theorem.............cooiiiiiiiiiiiiiiia. 75
6.3 Rado’s Path Decomposition Theorem ...l 75
6.4  Ultrafilter Trees. ... .ooiiii ittt ie et it iaainas 76
Notes and References ... ...ovveiieerenieiiiiiiiiiiiiiiia i iieeieeeeanninns 79
7  The Theorems of van der Waerden and Hales-Jewett.................. 81
7.1  The Theorem of van der Waerden ..., 81
7.2  The Hales-Jewett Theorem ..........c.ooooiiiiiiiiiiiiiiiiiiiinn, 84
Notes and References ....................oooel, ettt eieieaeeaaeaaeaas 88
8 From Hindman to GOWEIS..........ooviiiiiniiiiaeiiiiiiaaainaannns 89
8.1 Hindman’s TREOTemM ... .....coooiiiiiiiiiiiiiiiiiiiaiiaieaaennn .. 90
8.2  The Milliken-Taylor Theorem ..........coovviiiiiiiiii s, 92
8.3  Gowers Theorem .......uuueiirieriiiiee e iienaeeaannns 93
Notes and References .........oviveeuiiiiiin it .. 98
9  Partition Regularity of Equations .........................oociiieen. 99
9.1 Characterizations of Partition Regularity ........................... 100
9.2 Rado’s Theorem....... . 101
9.3  Nonlinear Diophantine Equations: Some Examples................ 104
Notes and References ......oooeiieiiniiiiieiiee et aiiiiiiiiiaaaaeas 106



Contents

Part II Combinatorial Number Theory

10 Densities and Structural Properties .........................ooia.

O B B 1S 1 13 16 S PN

10.2  Structural Properties. .........oooviiiiiiiiiin i

103 Working in Z .....oooviiiiiiiiii i

10.4 Furstenberg’s Correspondence Principle ............................

Notes and References..................oooee. e

11 Working in the Remote Realm ............................................

11.1 Finite Embeddability Between Sets of Natural Numbers ..........

11.2 Banach Density as Shnirelmann Density in the Remote Realm ...

11.3  Applications .........oeeinei i e

Notes and References . ........oooiiiiiii i i

12 Jin’s Sumset Theoremi...............cooiiiiiiiiiiiieni i
12.1 The Statement of Jin’s Sumset Theorem and Some Standard

CONSEQUENCES .. .. uvatttnitiaeae e aaiiaaneeneeeeeaisaneaaaeenes

12.2  Jin’s Proof of the Sumset Theorem ..................................

12.3  Beiglbock’™s Proof ...

12.4 A Proof with an Explicit Bound ...,

12.5 Quantitative Strengthenings ...............ccoooiiiiiiieiiiiaa..

Notes and References ... ..o

13 Sumset Configurations in Sets of Positive Density ......................

13.1 Erdds’ COnJECtUre ... .oooiiiitttee e e ee e e e aieeinns

13.2 A 1-Shift Version of Erdds’ Conjecture ..............c.ovoivinnnnnn.

13.3 A Weak Density Version of Folkman’s Theorem ...................

Notes and References ........oooveieiiiiiiii i

14 Near Arithmetic Progressionsin Sparse Sets............................

14.1 TheMain Theorem .......c.oooviiiiiiiiiiiiiiiii e

14.2 Connection to the Erdds-Turdn Conjecture ...............oooeuee.

Notes and References ........coveviiiiiorioeiiiiiiiii it aaaans

15 The Interval Measure Property ............ ...

ST B 1Y = 1 P

15.2  SIM S8 o teiiiiiee et e et e e e

Notes and References ... ....oooiviiiiiiii i iiianiaes

Part IV  Other Topics

16 Triangle Removal and Szemerédi Regularity............ e
16.1 Triangle Removal Lemma .............cooiiiiinn,
16.2 Szemerédi Regularity Lemma ..........coooiivniniiiiiiiin...

NOtES aNd RE ereICES ...ttt te it tieee et iien e enaaaerrasaranenseansraseansnnns

XV



xvi Contents
17 Approximate Groups.............coovieiiiiiiiiiiiiiiiii. s 181
17.1 Statement of Definitions and the Main Theorem ................... 181

17.2 A Special Case: Approximate Groups of Finite Exponent......... 183
Notes and References ... ....ooviiiiiiiiiii e 186

A Foundations of Nonstandard Analysis .....................ooooiiii, 187
Al FOUNAIONS .. vttt ettt et 187
A.1.1 Mathematical Universes and Superstructures............... 187

A.1.2 Bounded Quantifier Formulas .................ccooiiee. 189

Al3 Eos" Theorem ......oooiriiiiiiiiiiiiii i 192

A.1.4 Models That Allow Iterated Hyper-Extensions............. 194
References. ... ... ..o 197



	Inhaltsverzeichnis
	[Seite 1]
	[Seite 2]
	[Seite 3]
	[Seite 4]


