GEOMETRY OF QUANTUM STATES

An Introduction to Quantum Entanglement

SECOND EDITION

INGEMAR BENGTSSON

Stockholm University, Sweden

KAROL ZYCZKOWSKI
Jagiellonian University, Poland

i CAMBRIDGE

%7 UNIVERSITY PRESS



Contents

Preface
Acknowledgements

Convexity, colours and statistics

1.1  Convex sets

1.2 High dimensional geometry
1.3 Colour theory

1.4  What is ‘distance’?

1.5  Probability and statistics
Problems

Geometry of probability distributions

2.1  Majorisation and partial order

2.2 Shannon entropy

2.3 Relative entropy

2.4  Continuous distributions and measures

2.5  Statistical geometry and the Fisher—Rao metric
2.6 Classical ensembles

2.7  Generalised entropies

Problems

Much ado about spheres

3.1
3.2
33
34
3.5
3.6
3.7

Spheres

Parallel transport and statistical geometry
Complex, Hermitian, and Kéhler manifolds
Symplectic manifolds

The Hopf fibration of the 3-sphere

Fibre bundles and their connections

The 3-sphere as a group

page Xi
XV

1
1
9
15
18

25
28

29
29
35
41
46
48
55
56
62

63
63
68
74
80
82
88
95



Vi

3.8

Contents

Cosets and all that

Problems

Complex projective spaces

4.1  From art to mathematics

4.2  Complex projective geometry

4.3  Complex curves, quadrics and the Segre embedding
4.4  Stars, spinors and complex curves

4,5  The Fubini-Study metric

4.6  CP" illustrated

4.7  Symplectic geometry and the Fubini-Study measure
4.8  Fibre bundle aspects

4.9  Grassmannians and flag manifolds

Problems

Outline of quantum mechanics

5.1  Quantum mechanics

5.2 Qubits and Bloch spheres

5.3  The statistical and the Fubini-Study distances
5.4  Areal look at quantum dynamics

5.5  Time reversals

5.6  Classical and quantum states: a unified approach
5.7  Gleason and Kochen-Specker

Problems

Coherent states and group actions

6.1  Canonical coherent states

6.2  Quasi-probability distributions on the plane
6.3  Bloch coherent states

6.4  From complex curves to SU(K) coherent states
6.5 SU(3) coherent states

Problems

The stellar representation

7.1  The stellar representation in quantum mechanics
7.2 Orbits and coherent states

7.3  The Husimi function

7.4  Wehrl entropy and the Lieb conjecture

7.5  Generalised Wehrl entropies

7.6  Random pure states

7.7  From the transport problem to the Monge distance
Problems

99
101

103
103
108
110
114
117
122
129
131
133
137

138
138
140
143
146
150
154
157
164

165
165
170
178
184
186
190

191
191
194
197
202
205
207
214
217



10

11

12

Contents

The space of density matrices

8.1  Hilbert-Schmidt space and positive operators
8.2  The set of mixed states

8.3  Unitary transformations

8.4  The space of density matrices as a convex set
8.5  Stratification

8.6  Projections and cross-sections

8.7  An algebraic afterthought

8.8  Summary

Problems

Purification of mixed quantum states

9.1  Tensor products and state reduction

9.2  The Schmidt decomposition

9.3  State purification and the Hilbert—-Schmidt bundle
9.4 A first look at the Bures metric

9.5 Bures geometry for N =2

9.6  Further properties of the Bures metric

Problems

Quantum operations

10.1 Measurements and POVMs

10.2  Algebraic detour: matrix reshaping and reshuffling
10.3 Positive and completely positive maps

10.4 Environmental representations

10.5 Some spectral properties

10.6  Unital and bistochastic maps

10.7 One qubit maps

Problems

Duality: maps versus states

11.1 Positive and decomposable maps
11.2 Dual cones and super-positive maps
11.3 Jamiotkowski isomorphism

11.4 Quantum maps and quantum states
Problems

Discrete structures in Hilbert space

12.1 Unitary operator bases and the Heisenberg groups
12.2 Prime, composite and prime power dimensions
12.3 More unitary operator bases

Vil

219
220
223
226
229
234
239
244
247
248

249
250
252
255
258
261
263
266

267
267
274
278
283
286
288
291
295

296
296
304
305
309
311

313
313
317
322



viii

13

14

15

16

Contents

12.4 Mutually unbiased bases

12.5 Finite geometries and discrete Wigner functions
12.6 Clifford groups and stabilizer states

12.7 Some designs

12.8 SICs

Problems

Density matrices and entropies

13.1 Ordering operators

13.2  Von Neumann entropy

13.3 Quantum relative entropy

13.4  Other entropies

13.5 Majorisation of density matrices
13.6 Proof of the Lieb conjecture
13.7 Entropy dynamics

Problems

Distinguishability measures

14.1 Classical distinguishability measures
14.2 Quantum distinguishability measures
14.3  Fidelity and statistical distance
Problems

Monotone metrics and measures

15.1 Monotone metrics

15.2 Product measures and flag manifolds
15.3 Hilbert—~Schmidt measure

15.4 Bures measure

15.5 Induced measures

15.6 Random density matrices

15.7 Random operations

15.8 Concentration of measure

Problems

Quantum entanglement

16.1 Introducing entanglement

16.2 Two-qubit pure states: entanglement illustrated
16.3 Maximally entangled states

16.4 Pure states of a bipartite system

16.5 A first look at entangled mixed states

16.6 Separability criteria

326
333
338
343
347
353

355
356
359
365
369
372
376
380
384

386
386
391
396
401

402
402
408
410
414
416
418
422
426
431
433
433
436
441
444
454
460



Contents

16.7 Geometry of the set of separable states
16.8 Entanglement measures

16.9 Two-qubit mixed states

Problems

17 Multipartite entanglement
17.1 How much is three larger than two?
17.2 Botany of states
17.3 Permutation symmetric states
17.4 Invariant theory and quantum states
17.5 Monogamy relations and global multipartite entanglement
17.6 Local spectra and the momentum map
17.7 AME states and error-correcting codes
17.8 Entanglement in quantum spin systems
Problems

Epilogue

Appendix A Basic notions of differential geometry
A.1 Differential forms
A.2 Riemannian curvature
A.3 A key fact about mappings

Appendix B Basic notions of group theory
B.1 Lie groups and Lie algebras
B.2  SU@®2)
B.3  SU(N)
B.4 Homomorphisms between low-dimensional groups

Appendix C  Geometry: do it yourself

Appendix D Hints and answers to the exercises

References
Index

ix
466
471

481
491

493
493
494
498
503
515
518
525
532
542

544

545
545
546
547

549
549
550
551
552

553
557

572
614



	Inhaltsverzeichnis
	[Seite 1]
	[Seite 2]
	[Seite 3]
	[Seite 4]
	[Seite 5]
	[Seite 6]


