An Introduction to the Theory
of Reproducing Kernel
Hilbert Spaces

VERN 1.4112;ULSEN
University of Waterloo, Waterloo, Ontario, Canada

MRINAL RAGHUPATHI

58 CAMBRIDGE

% By UNIVERSITY PRESS




Contents

Preface

PART I GENERAL THEORY

1

Introduction
1.1  Definition
1.2  Basic examples
1.2.1 C" as an RKHS
1.2.2 A non-example
1.3 Examples from analysis
1.3.1 Sobolev spaces on [0,1]
1.3.2 The Paley-Wiener spaces: an example from
signal processing
1.4  Function theoretic examples
1.4.1 The Hardy space of the unit disk H%(DD)
1.4.2 Bergman spaces on complex domains
1.4.3  Two multivariable examples
1.5 Exercises

Fundamental results
2.1  Hilbert space structure
2.2 Characterization of reproducing kernels
2.3 The Reconstruction Problem
2.3.1 The RKHS induced by a function
2.3.2 The RKHS of the Min function
2.3.3 The RKHS induced by a positive matrix
2.3.4 The RKHS induced by the inner product
2.4  Exercises

page 1x

(o e WV A . Y

11
13
15
15

17
17
23
27
30
30
32
33
35



Vi

Contents

Interpolation and approximation

3.1 Interpolation in an RKHS
3.2  Strictly positive kernels
3.3  Best least squares approximants
3.4  The elements of H(K)
3.5 Exercises
Cholesky and Schur
4.1  Cholesky factorization
4.1.1 Cholesky’s algorithm
4.2  Schur products and the Schur decomposition
4.3  Tensor products of Hilbert spaces
4.4  Kernels arising from polynomials and power series
4.4.1 Polynomial kernels
4.4.2 Power series on disks
4.4.3 Power series on balls
4.4.4 The Drury—Arveson space
4.45 The Segal-Bargmann space
4.4.6 Other power series
4.5 Exercises

Operations on kernels

5.1
5.2
53
54

55
5.6
5.7
5.8

Complexification

Differences and sums

Finite-dimensional RKHSs

Pull-backs, restrictions and composition operators
5.4.1 Composition operators

Products of kernels and tensor products of spaces
Push-outs of RKHSs

Multipliers of a RKHS

Exercises

Vector-valued spaces

6.1

6.2
6.3
6.4
6.5
6.6

Basic theory

6.1.1 Matrices of operators

A Vector-valued version of Moore’s theorem
Interpolation

Operations on kernels

Multiplier algebras

Exercises

37
37
40
41
42
45

47
47
50
52
54
55
55
56
58
60
61
62
62

65
65
66
68
69
71
72
75
77
80

82
82
86
88
90
97
98
99



Contents

PART I APPLICATIONS AND EXAMPLES

7

10

11

Power series on balls and pull-backs

7.1  Infinite direct sums of Hilbert spaces

7.2 The pull-back construction

7.3  Polynomials and interpolation
7.3.1 The Drury-Arveson space as a pull-back
7.3.2 The Segal-Bargmann space

7.4  Exercises

Statistics and machine learning
8.1  Regression problems and the method of least squares
8.1.1 Linear functions
8.1.2 Affine functions
8.1.3 Polynomials
8.2  The kernel method
8.3  Classification problems and geometric separation
8.4  The maximal margin classifier
8.5  Summary: a functional perspective
8.6  The representer theorem
8.7  Exercises

Negative definite functions

9.1 Schoenberg’s theory

9.2  Infinitely divisible kernels
9.3 Exercises

Positive definite functions on groups

10.1 Naimark’s theorem

10.2 Bochner’s theorem

10.3 Negative definite functions and cocycles
10.4 Exercises

Applications of RKHS to integral operators
11.1 Integral operators
11.2 The range space of an integral operator
11.2.1 The Volterra integral operator and the
min kernel
11.3 Mercer kernels and integral operators
11.3.1 An application of Mercer’s theory
11.4 Square integrable symbols
11.5 Exercises

vii

103
103
104
106
109
110
110

112
112
113
114
115
116
118
120
124
125
128

129
129
134
135

137
137
139
140
143

145
145
146

149
150
159
160
163



viil

12

Contents

Stochastic processes

12.1 Covariance

12.2  Stochastic processes

12.3 Gaussian random variables
12.4 Karhunen-Lo¢ve theorem
12.5 Exercises

Bibliography
Index

165
165
167
169
176
178

180
181



	Inhaltsverzeichnis
	[Seite 1]
	[Seite 2]
	[Seite 3]
	[Seite 4]
	[Seite 5]


